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11. Many-body quantum mechanics

· I We willconsider quantum systems thatconsist

of many (say, N) quantum particles which one

described by a N-body were function

Yo (X,, K2...., f), EIRO

Yo G 22 CIR*).

·I total energy-self-adjoint HamiltonianHa

Hp =hi +2 Wij
i=1 1icj

Here his is the copy ofthe operator on
L2cil ecing on the ith variable X.E", nemely

hi =10...Mehel....l
r

i- th variable

Similarly for the two-body interection. Wij

· I ground state
encry

inf Lt. Hr thEr =(n =1

~>ifground state exists it satisfies
Hrt:ENY



Bosons and fermions:

e) bosonic were function is symmetric:

Fij ↑(, . . ., ei, ..., , . . . ,)
=4(e - -g,...,x... - -Xp)

8) fermionic were function is antisymmetrics

Fitj 4(1, ..., ei, ..., , . . . ,) =- y(x - -y,...,x... -Xr)

endes:

·) If ye LC"), then

↑ (X. . ., xx) =2,)...y(x) is a bosonic

↑-particle were function I productState storein
· Stater determinants

For any functions bleibil, in LCD, define
car ...ple..., xn):=Esigntist, Kant... um (run

-Signal up ... and Cr

-get [cuxhjen]
Clearly, this is an entisymmetra function in LR**).

In fact, itis an orthovormal basis for La (n*Y
the subspace of antisymmetric functions in LCR*N).



Letsaid,be an orthomormel basis of
L2C"). Then the Sloter determinants

S(bribl=sein. ... ein:reNEN, in... in

form an orthonormal basis ofL (ROM).

Pf
First we check that S(scib) are orthomound

functions in Le CRON). For in---zipand

j.c.-- <jn we can write

↳Mind ... dip tuged...nujrl=

=>(Nijt signCadirn(... Kipas (er)/N: itEssigults were ... jen!)

-it is signal sign is in genewires reje

-> it as sign cosignles Firesien-Eifers, ju

It is clear thatif Cins..., ip) djs--gal
then this expression is 0. When (in ...., (n =2j, ....jw),
then the dotter'sare non-tero:f =t. Then we

sum over N! 0's -1.



-2.
We prove that ifof, andis one two

measure spaces, the

-

(21,x(z) =(f)((-)=: Spendwarmer,were
where we uses the used rotation of tensor product:

(v((x,y) =u(e)o(y).
Move precisely, we prove that if bait is a for lic

and high our for LCra), then Suixhi; is on for

12 (r, xfr). Indeed:

·Stress are orthormal fats in LaCroul as

[4;uj,=Lu,uh. Luj, vchdie Ein

·Rice is compete. Assume for"(, +(e) and

f ↓ 2.egF ij. Then

0 =(f,urz =Sigring)deleg
-

=>I risesjly)grey) d.

Since hard is for call we must have gize
namely for a.e. x El,

!yuj(y)dy) =0.
This holds for any jEN and since boil is on for



the space him) we findthatfor are. Me, and

e.e. Jec:f(x) =0. thus f=0 in LR, r).

With these two foots we have (by induction

LCRR*N) = L*(N) * [CI*)*... * C=L**N

and of 22:3 is ON for LCD, then

bin ...e rip Liss--, in ENNS

is an ONB for LCION.

·)
we define the operator Pr aLCI*N) by

Pr TN)L...., r)=ps sign (a) for Cres.... Grand

-> the-Pr is a projection (Pol Por:

(Pr)Yr,...., tr) =Pr its sign hada reiss .... Trans) =
=> itsignersa signal ParkToren.... Gower) =

->ints its signators in (torn... sowa(
-

independent ofa

2 its sign is you dress .... as)
=PrYrle, ..., and

->Moreover, PNYNGLE CIRON) Atrel" (r**):



PN Tru (Xen .... for signal or free .... rotis
=Signa sign Cross for (Tren... Fromed

=Sign (5) PrYN(-.-.,01.

Furthermore PNYr= eo if Youth? Car:

PNtren..., w) = signal Train...., ral

=

- (sign(s)" Tr (x, ...,Xr) =4rce... - (f)
N! OESN-

=1

Thus
Le CIRON) =PN CIRON)

·Sh From steps end, we obtain

L (I2*) =Spend Pr (4 ... Wie li..-sigEa

Itremains to compute

Pr (40...cr(Ct,...., tr) =Pr (Rinkel ... in(r))

=

II sign (a) rein (fran)... dir (trans
N!eSw
=ItWat[(win(el(ee]

=>Pp(4i,*... vir)=dir.-. wir



Consequently, ifit = c for some kFl

>Pr (nine... air)=0. Also

Pr (Wire... ripers) =Syn Cr) PrCar, ... e wir

Hence

Le CIR*N)=Spend Proline... Qur) I? .... in ENS

=> Span be... reel insist, Ocic..cimb.

Thus Slater determint form ON of(IOM)

Reduced density matrices

For most applications, the wave function in LS(**)

has too
many variables for practical computations.

Therefore, it is often useful to consider reduced

density metrices

#Let to be a normalizedwave function in

(1)Le CIRON). The one-body density metrixUte

of You is a trace cess operator on LCIRY

with kernel

We(x,y) FNSYNC, r..,...,a den...
IROCN-1

We call the diagonal part ofto the

one-body density and denote stoles.



rise
Check that:) IO ... Tr t =N

sation:
·(

<fixf = )Transtalldeaden fly)de
IRCN-is

=>So... der Sax flefre,--sen) Steger by
IRIN-1

112d In
-

->gris..... oh gr(x ... (u)

-> I Igr(..., all de ...20.
128(w-.

"For a trace class operator we know that

the trace is given by integral of diagonal of
the bereel. Here immediately forU=N

Carf. Sp.C b.

#

the following exercise shows why itis useful.

Exercise show that

<tr, Ehitrl=to (hyY).



LHS:

<YN, byTrb=fde......(r)(h(x,y)fry,...,a
=>SoSynx,yDIsy) trChfr)

Now we do itbe...., by to factor N, by
permutations (in bothsides ofscolor product
e Sign(r

=1 (

Tigression:trace class operators
without too many details:for a positive operator
we define

Tr A =?urlAndL, Sail-ONB

this is independent ofthe choice of basis.

Trese chess operators are a subsetof Hilbert-iconf

operators. They are compact. For positive, trave

class operator one has the decomposition

A =2 t,k32.1 for eoN (4:)

wil To A =

B ti

This implies in particular A(xy) = Ed will city
and

Tr A =S Acerelde-

AB(x,) =(A (,) B (200 =TrA =SSe



Exercise
- LetV be a multiplication operator on LCIRY. Then

<Ever =V serves or

Son

Sofar.... VFrTr=SaveWe-

Saxvo sir des

ercise,wit, be orthonormal in LCRO) and consider the

Slater determinent tr =re,...-ecw. Show that he

one-body density matrixof the is Veluchail.
ution

So... de Tale........W)=
---

->designGrott Ken,Are,... fans andeat... We

IcS

-Notas signersignees areis Franzen,win

=Esrunly)=niss
⑰


